Abstract: A Structure Theorem for Protori is derived for the category of finite-dimensional protori (compact connected abelian groups), which details the interplay between the properties of density, discreteness, torsion, and divisibility within a finite-dimensional protorus. The spectrum of resolutions for a finite-dimensional protorus are parameterized in the structure theorem by the dual category of finite rank torsion-free abelian groups. A consequence is a universal resolution for a finite-dimensional protorus, independent of a choice of a particular subgroup. A resolution is also given strictly in terms of the path component of the identity and the union of all zero-dimensional subgroups. The structure theorem is applied to show that a morphism of finite-dimensional protori lifts to a product morphism between products of periodic locally compact groups and real vector spaces.
Introduction
All compact groups herein are finite-dimensional and all torsion-free groups have finite rank. We carry out a study of the structure of compact, connected abelian groups, or protori. A practical new perspective on the category of torsion-free abelian groups, from the point of view of the dual category of protori, emerges organically from a detailed analysis of the algebro-topological structure of protori. A Structure Theorem for Protori (Theorem 1) is derived which applies to all objects in the category of protori.
Rather than a study involving specialization and classification relative to a particular morphism, we take a holistic approach to the category of protori. The main results are a Structure Theorem for Protori (Theorem 1), a universal resolution for a protorus (Corollary 6), a structural result on the lattice of compact open subgroups of zero-dimensional subgroups of a protorus under a natural locally compact topology (Proposition 6), and a lifting theorem for morphisms of protori (Theorem 2), which facilitates a reduction to a decoupled analysis of morphisms between periodic LCA groups.
The Structure Theorem for Protori is formulated for an arbitrary protorus by applying the key new Lemma 5, intrinsically engineered for protori, to the Resolution Theorem for Compact Abelian Groups (Proposition 2.2, [1] ), which states that a compact abelian group H is topologically isomorphic to r∆ˆLpHqs{Γ for a totally disconnected Γ and a profinite subgroup ∆ of H such that H{∆ is a torus, where LpHq is the Lie algebra of H (Proposition 7.36, [2] ). An immediate consequence of the Structure Theorem for Protori is the existence of a universal resolution for a protorus G (Corollary 6): r p ∆ X 8ˆL pGqs{X 8 , where p ∆ X 8 is a periodic (Definition 1.13, [3] ), locally compact topological divisible hull of a profinite ∆ of a given resolution of G, X 8 is a minimal quotient-divisible extension of an intervening Pontryagin dual of G, and the concept of minimal divisible locally compact cover of G is introduced (Corollary 7) and realized via p ∆ X 8ˆL pGq. The canonical zero-dimensional periodic pGq Ñ p ∆ Y 8ˆL pHq. Because LpGq and LpHq are finite-dimensional real topological vector spaces (Proposition 7.24, [3] ), the Structure Theorem for Morphisms reduces the analysis of protori morphisms to those between divisible periodic LCA groups. Because p ∆ X 8 and p ∆ Y 8 are divisible periodic LCA groups topologically isomorphic to the local product of their p-Sylow components, respected by protori morphisms, protori morphisms are an amalgam of their restrictions to p-Sylow factors, where the action on such a factor is uniquely determined by its action on a compact open subgroup. Thus, the Structure Theorem for Morphisms implies that deconstructing protori morphisms effectively reduces to the analysis of morphisms between finitely generated p Z p -modules. Lastly, we state without proof that Theorem 2 generalizes the analogous result that a morphism between complex tori lifts to a complex-linear map between complex vector spaces (Proposition 2.1, [4] ).
Regarding the breakdown of sections comprising the paper: Section 2 provides the requisite background for our study. Section 3 proves the main structure theory results. Section 4 gives several illustrative applications involving projective resolutions, ACD groups, and morphisms of protori, culminating in a general lifting theorem for the category of protori.
Background
A protorus is a compact connected abelian group. The name protorus derives from the formulation of its definition as an inverse limit of tori (Corollary 8.18, Proposition 1.33) [2] , analogous to a profinite group as an inverse limit of finite groups. A morphism between topological groups is a continuous homomorphism. A topological isomorphism is an open bijective morphism between topological groups, which we indicate by -t . Set T " def R{Z with the quotient topology induced from the Euclidean topology on R, for which Z is discrete under the subspace topology. A torus is a topological group topologically isomorphic to T n for some positive integer n. A protorus is torus-free if it contains no subgroups topologically isomorphic to a torus.
All groups herein are abelian and all topological groups are Hausdorff. All finite-dimensional real topological vector spaces are topologically isomorphic to a real Euclidean vector space of the same dimension. All references to duality refer to Pontryagin duality. Finitely generated in the context of profinite groups will always mean topologically finitely generated. If A and B are topological groups which each contain an isomorphic copy X˚of a torsion-free group X such that X˚embeds diagonally in AˆB as a closed subgroup, then we write pAˆBq{X for the associated quotient. Some authors use the term solenoid or solenoidal group to describe protori; we use protorus to connote compact connected abelian group and solenoid to mean one-dimensional protorus.
Pontryagin duality is a contravariant endofunctor on the category of locally compact abelian groups under continuous homomorphism, _ : LCA Ñ LCA, given by G _ " Hom continuous pG, Tq under the topology of compact convergence and ρ _ : H _ Ñ G _ by ρ _ pχq " χ˝ρ for ρ : G Ñ H, such that __ is naturally isomorphic to the identify functor. Each object in the category is isomorphic to some image of the Pontryagin duality functor. Pontryagin duality restricts to an equivalence between the category of discrete abelian groups and the opposite category of compact abelian groups (Theorem 7.63) [2] wherein compact abelian groups are connected if and only if they are divisible (Proposition 7.5(i), [2] ), (24.3, [5] ), (23.17, [5] ), (24.25, [5] ). Some locally compact abelian groups, such as finite cyclic groups Zpnq, the real numbers R, the p-adic numbers p Q p , and the adeles A are categorical fixed points of the Pontryagin duality functor.
For a compact abelian group G, the Lie algebra LpGq " def Hom continuous pR, Gq, consisting of the set of continuous homomorphisms under the topology of compact convergence, is a real topological vector space (Proposition 7.36, [2] ). The exponential function of G, exp G : LpGq Ñ G given by exp G prq " rp1q, is a morphism of topological groups, and exp G is injective when G is torus-free (Corollary 8.47, [2] ). Let G 0 denote the connected component of the identity and G a " exp G LpGq the path component of the identity in G (Theorem 8.30, [2] ).
The dimension of a compact abelian group G is dim G " def dim R LpGq. When G is a compact abelian group, LpGq -t R dimG as topological vector spaces (Proposition 7.24, [2] ) and dim 
3 is an exact sequence of discrete abelian groups (Theorem 2.1, [6] ). A compact abelian group G is totally disconnected
Torsion-free abelian groups A and B are quasi-isomorphic if there is f : A Ñ B, g : B Ñ A, and 0 ‰ n P Z such that f g " n¨1 B and g f " n¨1 A ; A and B are nearly-isomorphic if for each 0 ‰ n P Z there is a relatively prime m P Z, f : A Ñ B, and g : B Ñ A such that f g " m¨1 B and g f " m¨1 A . By (Corollary 7.7, [7] ), A and B are quasi-isomorphic if and only if there is a monomorphism h : A Ñ B such that A{ f pBq is finite. It follows by Pontryagin duality that A and B are quasi-isomorphic if and only if there is a surjective morphism h _ : B _ Ñ A _ with finite kernel. This is exactly the definition of isogeny between protori: G and H are isogenous if there is a surjective morphism G Ñ H with finite kernel. Define protori G and H to be topologically nearly-isomorphic if G _ and H _ are nearly isomorphic. Evidently from the definitions, quasi-isomorphism and near-isomorphism of torsion-free groups and isogeny and topological near-isomorphism of protori are equivalence relations.
Let P denote the set of prime numbers. A supernatural number is a formal product n " ś pPP p n p where 0 ď n p P Z Y t8u (Section 2.3, [8] ). We denote the p-adic integers p Z p and the p-adic numbers p Q p . Let S denote the set of all supernatural numbers. A height sequence pn p q pPP is a sequence of exponents of a supernatural number. Define an equivalence relation on S by stipulating that supernatural numbers m and n are equivalent if their height sequences are equal except for a finite number of primes p for which m p , n p ă 8. Define a type to be an equivalence class of a height sequence, denoted τ " rpn p q pPP s. For an element a of a torsion-free group X, the p-height of a in X, ht X p paq, p P P, is n if there exists 0 ď n P Z such that a P p n Xzp n`1 X and 8 otherwise. The height sequence of a in X is pht X p paqq pPP . Define the type of a in X to be rpht X p paqq pPP s. Because any two nonzero elements of a rank-1 torsion-free group A have the same type in A, the type of A, typepAq, is the type of any nonzero element in A. Two rank-1 groups A and B are isomorphic if and only if typepAq " typepBq, and given n P S there is a rank-1 torsion-free group C with typepCq " rpn p q pPP s (Theorem 1.1, [7] ). For a torsion-free group X, set τ sup pXq "
def rpsuptht X p paq : 0 ‰ a P Xuq pPP qs. An abelian group D is divisible if for every 0 ‰ d P D and 0 ‰ k P Z there is a d 1 P D such that kd 1 " d. A torsion-free group X is quotient-divisible if it contains a free subgroup F such that X{F is a divisible (torsion) group (p. 473, [9] ). Define the radius of 0 ‰ z " pz 1 , . . . , z n q P Z n , 0 ă n P Z, to be rpzq " def gcdpz 1 , . . . , z n q and set rp0q " def 0. Set B n prq " def tz P Z n : rpzq ď ru and define a unit hemisphere H Ă Z n to be a subset of B n p1qzt0u for which each line through 0 in Q n passes through exactly one point in H. A minimal quotient-divisible extension of a rank-n torsion-free group X with H Ď Z n Ď X Ď Q n , H a unit hemisphere, is
A profinite group is an inverse limit of finite groups or, equivalently, a totally disconnected compact Hausdorff group (Theorem 1.34, [2] ); such a group is finitely generated if it contains a dense finitely generated subgroup. Profinite abelian groups D and E are isogenous if there are morphisms f : D Ñ E and g : E Ñ D such that E{ f pDq and D{gpEq are bounded torsion groups; for finitely generated D and E, this is equivalent to E{ f pDq and D{gpEq being finite. By symmetry, isogeny of profinite abelian groups is an equivalence relation. Proceeding strictly according to Pontryagin duality, one would conclude that torsion abelian groups A and B be defined as quasi-isomorphic if there are morphisms h : A Ñ B and k : B Ñ A such that B{hpAq and A{kpBq are bounded torsion groups; this is, in fact, the definition for quasi-isomorphism between torsion abelian groups (see Proposition 1.8, [7] ).
The development of a structure theory for protori is very much dependent on the theory of profinite abelian groups. The profinite theory in this section is derived in large part from the standard reference by Ribes and Zaleeskii [8] . We begin by showing that the additivity of dimension for vector spaces also holds for compact abelian groups. [9] ). However, this is an exact sequence of Q-vector spaces and hence dim
Proof. The exactness of 0
Fix n P Z. Denote by µ n the multiplication-by-n map A Ñ A for an abelian group A, given by µ n paq " na for a P A.
Proof. µ n is a surjective morphism because G is a divisible abelian topological group, so the adjoint [7] ). It follows that ker µ n is finite and µ n is an isogeny.
A profinite group is either finite or uncountable (Proposition 2.3.1, [8] ). The profinite integers p Z is the inverse limit of cyclic groups of order n. p Z is topologically isomorphic to
and to the profinite completion of Z (Example 2.1.6.(2), [8] ), whence p Z m is a finitely generated profinite abelian group, 0 ď m P Z.
For a protorus G, the Resolution Theorem for Compact Abelian Groups states that G contains a profinite
where Γ is a discrete subgroup of ∆ˆLpGq and G{∆ -t T dim G (Theorems 8.20 and 8.22, [2] ). In this case, the exact sequence [8] ). It follows that, in the context of protori, the profinite groups of the Resolution Theorem are simultaneously finitely generated profinite abelian groups and finitely generated profinite p Z-modules. The continuous scalar multiplication Zˆ∆ Ñ ∆ is componentwise: if x " px 1 , . . . , x m q P ∆, where x j " px j p q pPP , then kx " pkx 1 , . . . , kx m q where the scalar multiplication in each coordinate is given by kx j " pkx j p q pPP , applying the usual scalar multiplications for p Z p and Zpp r q. A locally compact abelian group K for which Zg is profinite for each x P K contains a unique p-Sylow subgroup, p P P (Theorem 3.3, [3] ), and a profinite group H can be decomposed uniquely into the product of its p-Sylow subgroups (Proposition 2.3.8, [8] ).
Lemma 3. The algebraic structure of a finitely generated profinite abelian group uniquely determines its topological structure.
Proof.
A profinite group has a neighborhood basis at 0 consisting of open (whence closed) subgroups (Theorem 1.34, [2] ). A subgroup of a finitely generated profinite abelian group is open if and only if it has finite index (Lemma 2.1.2, Proposition 4.2.5, [8] ). It follows that finitely generated profinite abelian groups are topologically isomorphic if and only if they are isomorphic as abelian groups.
In light of Lemma 3, we usually write -in place of -t when working with profinite subgroups of protori.
Zpp n q for p P P and 0 ď n P Z Y t8u.
Proposition 1.
A nonzero finitely generated profinite abelian group is isomorphic to
Zpp r p pjfor some 0 ď r p pjq P Z Y t8u, p P P, 1 ď j ď m, where r p pjq ě r p pkq ô j ď k, and r q pmq ą 0 for some q P P.
Proof. By Theorems 4.3.5 and 4.3.6 in [8] , a finitely generated profinite abelian group is isomorphic to (can be represented as)
is indexed by t1, . . . , muˆP. With regard to uniqueness up to isomorphism, there is no significance to the order of the factors p Zpp r p pjappearing. As long as the exact same aggregate list of r p pjq appears in such a representation, the associated groups are isomorphic. For each p P P, we rearrange the m exponents r p p1q, . . . , r p pmq into descending order and relabel the ordered exponents s p p1q, . . . , s p pmq: tr p p1q, . . . , r p pmqu " ts p p1q, . . . , s p pmqu where s p p1q ě s p p2q ě¨¨ě s p pmq. If, after applying this ordering for each p P P, we get r p pmq " 0 for all p P P, then we remove all p Zpp r p pmfor p P P, and reduce the value of m accordingly. We repeat this weaning process right-to-left, so it terminates in a finite number of steps because 1 ď m P Z. In this way, we see that, without loss of generality, m is minimal for a representation with the given characteristics.
Define the standard representation of a nonzero finitely generated profinite abelian group to be the unique ∆ " Let D be a finitely generated profinite abelian group. For D ‰ 0 with standard representation ∆ as in Proposition 1, define the non-Archimedean width of D to be width nA D " def m and set width nA t0u " def 0. Define the non-Archimedean dimension of D to be dim nA D " def |tj P t1, . . . , mu : ∆ j is infiniteu|.
Corollary 1.
Non-Archimedean dimension of finitely generated profinite abelian groups is well-defined.
Proof. Isomorphic finitely generated profinite groups have the same standard representation.
A supernatural vector is any n " pn 1 , . . . , n m q P S m , 0 ď m P Z. Zpp n jp q for n P S m ; note that supernatural vectors n, n 1 P S m associated to standard representations of isogenous finitely generated profinite groups agree in each coordinate except for a finite number of primes for which the exponents are finite. We introduce the notation n p Z "
Corollary 2.
A nonzero finitely generated profinite abelian group ∆ is isomorphic to p Zp nq where n P S m , m " width nA ∆, and the sequence n p Z m p Z m p Zp nq is exact.
Proof. Proposition 1 gives that a finitely generated profinite abelian group is isomorphic to p Zp nq for some n P S m . For each p P P, n p Z m has p-Sylow subgroup
Zp nq.
Structure of Protori
For a torus-free protorus G with profinite subgroup ∆ inducing a torus quotient, we have by (Corollary 8.47, [2] ) an accompanying injective morphism exp G : LpGq Ñ G given by exp G prq " rp1q. Set
π R : ∆ˆLpGq Ñ LpGq, the projection map onto LpGq.
Then, π ∆ pΓ ∆ q " Z ∆ and π R pΓ ∆ q " exp´1 G Z ∆ by the Resolution Theorem for Compact Abelian Groups (Theorem 8.20, [2] ). Note: K for K Ď G will always mean closure of K in G unless explicitly stated otherwise.
Lemma 4.
If ∆ is a profinite subgroup of a torus-free protorus G such that G{∆
Proof. By (Theorem 8.20, [2] ), ker ϕ ∆ " Γ ∆ and the projection π R : ∆ˆLpGq Ñ LpGq restricts to
where exp G is injective because G is torus-free (Corollary 8.47, [2] ). In addition, LpGq -t R dim G and Γ ∆ is discrete by (Theorem 8.22 (6) ñ (7), [2] ). Thus,
The next lemma identifies a simultaneously set-theoretic, topological, and algebraic property unique to profinite subgroups in a protorus which induce tori quotients.
Lemma 5.
If ∆ is a profinite subgroup of a torus-free protorus G such that G{∆ -t T dim G , then Z ∆ " ∆ and Z ∆ is closed in the subspace exp G LpGq.
Proof. By (Theorem 8.20, [2] ), a profinite subgroup ∆ such that G{∆ -t T dim G always exists and for
where Γ ∆ " tpexp G r,´rq : r P LpGq, exp G r P ∆u is a free abelian group and rank Γ ∆ " dim G " rank r∆ X exp G LpGqs by Lemma 4 and the fact that exp G is injective when G is torus-free (Corollary 8.47, [2] ). We have
Ă G ∆ is a topological isomorphism onto its image,
open in ∆ˆLpGq and the quotient map q ∆ : ∆ˆLpGq Ñ G ∆ is an open map , so q ∆ rp∆z ∆ 1 qˆLpGqs " By Pontryagin duality, p∆{∆ 1 q _ embeds in the torsion-free group G _ ∆ , so p∆{∆ 1 q _ " 0 and ∆ " ∆ 1 " Z ∆ .
by (Theorem 5.35, [5]). Thus, there is an exact sequence
Lastly, if x lies in the closure of Z ∆ in exp G LpGq under the (metric) subspace topology, then x P exp G LpGq and x is the limit of a sequence of elements of Z ∆ . However, ∆ is closed, so x P ∆ X exp G LpGq " Z ∆ . This proves that Z ∆ is closed in the subspace exp G LpGq.
Define LpGq " t∆ Ă G : ∆ a profinite subgroup such that G{∆ is a torusu for a protorus G. In Proposition 2, we show that LpGq is a lattice with`as join and X as meet; in particular, LpGq is directed upward and downward. We then prove a number of useful closure properties for LpGq, which are applied for the remainder. However, first a remark regarding some facts which we use freely going forward without further mention. [2] ), a path-connected protorus is a torus. Thus, if a protorus G has a profinite subgroup D and G{D is the continuous image of a torus, then automatically D P LpGq. (ii) A profinite subgroup D of a torus H is finite: H{D is a path-connected protorus, whence a torus of the same dimension as H by Lemma 1. By duality, pH{Dq _ and H _ are free abelian with rkpH{Dq _ " rk H _ and pH{Dq _ H _ D _ exact, so D _ , whence D, is finite.
Remark 1. (i) By (Theorem 8.46.(iii),

Proposition 2.
For a torus-free protorus G, LpGq is a countable lattice under X for meet and`for join. LpGq is closed under:
1. preimages via µ n , 0 ‰ n P Z. 2. finite extensions. 3. scalar multiplication by nonzero integers.
join (+). and 5. meet (X).
Given any ∆, ∆ 1 P LpGq, there exists 0 ă k P Z such that k∆ Ď ∆ 1 . If ∆ 1 Ď ∆, then r∆ : ∆ 1 s ă 8.
Proof. Each ∆ P LpGq corresponds via Pontryagin duality to a unique-up-to-isomorphism torsion abelian quotient of X " G _ by a free abelian subgroup Z ∆ with rkZ ∆ " rkX. Because X is countable and there are countably many finite subsets of a countable set (corresponding to bases of Z ∆ s, counting one basis per Z ∆ ), it follows that LpGq is countable. 1. µ n : G Ñ G has finite kernel by Lemma 2 so its restriction µ´1 n ∆ Ñ ∆ has finite kernel for ∆ P LpGq. Since ker µ n and ∆ P LpGq are zero-dimensional compact abelian groups, it follows from Lemma 1 that the compact Hausdorff subgroup µ´1 n ∆ is zero-dimensional, whence profinite. Because the natural map G{∆ Ñ G{µ´1 n ∆ is surjective and G{∆ is a torus, it follows that G{µ´1 n ∆ is path-connected, whence G{µ´1 n ∆ is a torus (Theorem 8.46.(iii), [2] ) and µ´1 n ∆ P LpGq.
2. If ∆ P LpGq has index 1 ď m P Z in a subgroup D of G, then D is the sum of finitely many copies of ∆, so D is compact. Thus, ∆ Ď D Ď µ´1 m ∆ P LpGq by 1, so D is profinite. The natural morphism G{∆ Ñ G{D is surjective and G{∆ a torus, so D P LpGq.
3. µ j | ∆ : ∆ Ñ j∆ is surjective with finite kernel by Lemma 2, so j∆ is profinite. G is divisible so 
∆ , a zero-dimensional subgroup of G ∆ by Lemma 1. As a zero-dimensional subgroup of a torus,
∆X∆ 1 is finite, so there is a nonzero integer l such that l∆ 1 Ď ∆. Lemma 1 gives that ∆ X ∆ 1 is zero-dimensional, whence profinite. We know by 3 that l∆ 1 P LpGq, thus the natural map Arguing as in 5, there exists 0 ă k P Z such that k∆ Ď ∆ 1 . ∆ is a finitely generated profinite abelian group, thus r∆ : ∆ 1 s ď r∆ : k∆s ă 8.
Corollary 3. Elements of LpGq are mutually isogenous in a torus-free protorus G.
Proof. Suppose that ∆ 1 , ∆ 2 P LpGq. We proved in Proposition 2 that there exist nonzero integers k and l such that k∆ 1 Ď ∆ 2 , l∆ 2 Ď ∆ 1 , r∆ 2 : k∆ 1 s ă 8, and r∆ 1 : l∆ 2 s ă 8. The multiplication-by-k and multiplication-by-l morphisms thus exhibit an isogeny between ∆ 1 and ∆ 2 .
Lemma 6. Non-Archimedean dimension of finitely generated profinite groups is invariant under isogeny. Zp nq and p Zp n 1 q for some supernatural vectors n and n 1 . If p Zp nq and p Zp n 1 q have distinct non-Archimedean dimensions, then one of the two has an extra coordinate k for which there are factors p Zpp n kp q for infinitely many primes p and/or factors isomorphic to one or more copies of some p Z q for some prime q; this is impossible if p Zp nq and p Zp n 1 q are isogenous because supernatural vectors associated to standard representations of isogenous groups can differ for any given coordinate at only a finite number of primes and only at those primes having finite exponents. Thus, the definition of non-Archimedean dimension and its preservation under multiplication by N give that
Define the non-Archimedean dimension of a protorus G to be dim nA G " def dim nA ∆ for a profinite subgroup ∆ of G for which G{∆ is a torus.
Corollary 4. Non-Archimedean dimension of protori is well-defined.
Proof. Elements of LpGq for a protorus G are isogenous by Corollary 3, so the result follows by Lemma 6.
A protorus G with profinite subgroup ∆ satisfying G{∆ -t T dim G will always satisfy dim nA G " dim nA ∆ ď width nA ∆ ď dim G; and for G torus-free, always rk Z ∆ " dim G.
A protorus G is factorable if there are non-trivial protori G 1 and G 2 such that G -t G 1ˆG2 , and G is completely factorable if G -t
A result by Mader and Schultz [10] has the surprising implication that the classification of protori up to topological near-isomorphism reduces to that of protori with no one-dimensional factors.
Proposition 3.
If D is a finitely generated profinite abelian group, then there is a completely factorable protorus G containing a closed subgroup ∆ -D such that G{∆ is a torus.
Proof. First, note that the finite cyclic group Zprq, 0 ă r P Z, is isomorphic to the closed subgroup p1{rqZ Z of the torus R Z , so it follows that p1{rqZ Z is a profinite subgroup of R Z inducing a torus quotient. Next, by Proposition 1 there is no loss of generality in assuming D " p Zp nq for some n P S m where ∆ j p nq ‰ 0 for 1 ď j ď m. If ∆ j p nq is finite then it must be isomorphic to Zpr j q for some 0 ă r j P Z; in this case, set G j " [5] ). It follows that G " def G 1ˆ¨¨¨ˆGm is a protorus containing the closed subgroup ∆ " def E 1ˆ¨¨¨ˆEm -t D and satisfying G{∆ -t T m .
Corollary 5.
If D is a finitely generated profinite abelian group with width nA D " dim nA D, then there is a completely factorable torus-free protorus G containing a closed subgroup ∆ -D such that G{∆ is a torus.
Proof. In this case, no ∆ j pnq factor is finite cyclic in the proof of Proposition 3.
An arbitrary topological group K is compactly ruled if it is a directed union of compact open subgroups (Definition 1.4, [3] ). An abelian compactly ruled group satisfies Zg is compact for each g P K (Corollary 1.12, [3] ). A locally compact abelian group K is periodic if it is totally disconnected and Zg is compact for each g P K (Definition 1.13, [3] [3] ).
For a torus-free protorus G and a sublattice L Ď LpGq satisfying Proof. LpGq is closed under finite sums and directed upward by Proposition 2, so p
The elements of L are finitely generated profinite abelian groups with rD i : D 1 X D 2 s ă 8 for i " 1, 2 for any D 1 , D 2 P L, and thus are compact in the topology defined on p ∆ L by declaring L to be a neighborhood basis of 0. This Hausdorff topology ( Ş L " 0) is therefore compactly ruled, whence locally compact (Proposition 1.3, [3] ). It follows that p ∆ LˆL pGq is locally compact. By Proposition 2, L is a countable neighborhood basis at 0 of compact open subgroups, and so p ∆ L is metrizable (Theorem 8.3, [5] ) and totally disconnected (Theorem 1.34, [2] ). Thus, p ∆ L is periodic, whence p Zg " Zg for each g P ∆ P L and p ∆ L is a p Z-module with continuous bilinear scalar multiplication (Proposition 4.22, [3] ). To see that Γ L is closed, suppose that tpα j , r j qu jě1 Ă Γ L converges to some pβ, sq P p ∆ LˆL pGq. Then, β and tα j u jěN lie in some ∆ 0 P L for some 1 ď N P Z. We can assume without loss of generality that N " 1. Since r j Ñ s P LpGq, continuity of exp G implieś 
Proposition 5.
If G is a torus-free protorus with no factors -t Q _ , then 4. exp G LpGq, the path component 0 in G, is divisible and torsion-free. 5. π 0 pGq -ExtpG _ , Zq -∆{Z ∆ for each ∆ P LpGq.
Proof. 1. If x P G and nx P p ∆ LpGq for some 0 ‰ n P Z, then nx P ∆ for some ∆ P LpGq, so x P µ´1 n ∆ Ă p ∆ LpGq by Proposition 2. Thus, G{ p ∆ LpGq is torsion-free whence tor G " tor p ∆ LpGq . If y P p ∆ LpGq and 0 ‰ k P Z, then because G is divisible there is a z P G such that kz " y; as we have shown this implies z P p ∆ LpGq ; this proves that p ∆ LpGq is divisible. Because tor G is dense in G (Corollary 8.9, [2] ), for V LpGq to be dense in G it suffices to show that V LpGq is dense in p ∆ LpGq :
3. Under its locally compact topology, p ∆ LpGq is periodic (Proposition 4), so the result follows by (pp. 48-49, [3] ).
4. Theorem 8.30 [2] , gives that exp G LpGq is the path component of 0. G is torus-free, so the corestriction exp G : LpGq Ñ exp G LpGq is an isomorphism of abelian groups (Corollary 8.47, [2] ). Thus, exp G LpGq is divisible and torsion-free because LpGq -t R dim G is (Propositions 7.25 and 7.36, [2] ).
5. (Theorem 8.30, [2] ) and (Corollary 8.33, [2] ).
We define an apparatus upon which our proof of Theorem 1 depends. The setting involves an n-dimensional torus-free protorus G. For such G, exp G : LpGq Ñ G is injective (Corollary 8.47, [2] ) and R n -t LpGq (Proposition 7.24, [2] ). We argue relative to a fixed ∆˚P LpGq and its dense rank-n free abelian subgroup Z ∆˚" ∆˚X exp G LpGq (Lemma 5). There exists an algebraic isomorphism θ ∆˚: R n Ñ exp G LpGq with Z ∆˚" θ ∆˚p Z n q Ă θ ∆˚p Q n q Ă exp G LpGq " θ ∆˚p R n q, where θ ∆˚p Q n q " tw P exp G LpGq : kw P ∆˚for some 0 ‰ k P Zu.
We fix a unit hemisphere H and introduce a parameter Y to represent an arbitrary rank-n torsion-free abelian group with H Ă Z n Ď Y Ď Q n ; note that θ ∆˚p hq{p R Z ∆˚f or any h P H and p P P. With ∆˚P LpGq, θ ∆˚: R n Ñ exp G LpGq, and a unit hemisphere H Ă Z n fixed, we itemize pertinent background information for Theorem 1:
(a) X is a fixed value of Y for which Z n X X{Z n dualizes ∆˚ G G{∆˚. 
Theorem 1. (Structure Theorem for Protori)
A protorus is topologically isomorphic to T rˆp Q _ q kˆG for some n-dimensional protorus G with no factors -t T or Q _ and nonnegative integers r,k,n where the three factors are uniquely determined up to topological isomorphism. In view of the definitions and notation above-with fixed ∆˚, fixed unit hemisphere H, fixed X -G _ , and arbitrary Y with H Ă Z n Ď X, Y Ď Q n -the structure of G is as follows: Proof. Let K be a protorus. By Corollary 3.8.3 in [9] , K _ " Z ' C where Z is free abelian and C is a subgroup with no free summands which is uniquely determined by K _ . By Corollary 4.2.5 in [9] , C " R ' D where D is a torsion-free divisible group uniquely determined by C, and R is unique up to isomorphism. The first statement of the theorem thus follows by duality. The remainder of the proof involves the n-dimensional protorus G with no factors -t T or Q _ . 1. Y˚is the directed union of free abelian groups F with Z ∆˚Ď F Ď Y˚, and F{Z ∆˚i s finite for such F. Hence, ∆ F " def F P LpGq by Proposition 2, whence ∆ F X exp G LpGq " Z ∆ F " F (Lemma 5) and ∆ F P L Y for such F. Thus, L Y " t∆ F : Z ∆˚Ď F Ď Y, F free abelian u Y t∆ P LpGq : ∆ Ď ∆˚u is a lattice.
In addition, p ∆ Y X exp G LpGq " p ř with exp G LpGq dense in G. Thus, Y˚is dense in G ô Y˚is dense in exp G LpGq ô exp´1 G pY˚q is dense in LpGq because the map ϕ : ∆˚ˆLpGq Ñ G given by ϕpα, rq " α`exp G r is a local isometry (Proposition 2.14, [1] ). However, exp´1 G pY˚q is dense in LpGq ô Y " θ´1 ∆˚e xp G rexp´1 G pY˚qs is dense in R n ô Y has no free summands. 3. We produce a topological isomorphism from a "classical" resolution of a protorus to a new resolution independent of any particular ∆ P LpGq. to be the morphism induced by inclusion.
We get ηrpα, rq`Γ ∆˚s " pα, rq`Γ L Y " 0 ñ pα, rq P r∆˚ˆLpGqs X Γ L Y ñ r "´exp´1 G α so α "´exp G r P ∆˚X exp G LpGq " Z ∆˚, whence pα, rq P Γ ∆˚; since also Γ ∆˚Ď Γ L Y and Γ L Y is closed, it follows that η Y is a well-defined injective morphism. Next, let pβ, sq P p ∆ YˆL pGq. By 1, β P ∆ F " F for some free abelian F with Z ∆˚Ď F Ď Y˚" V L Y and ∆ F X exp G LpGq " F, so that β " δ`y for some δ P ∆˚and y P Y˚Ă exp G LpGq. Thus, py,´exp´1 G yq P Γ L Y and pβ, sq`Γ L Y " pδ`y, sq´py,´exp´1 G yq`Γ L Y " pδ, s`exp´1 G yqΓ
